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Abstract
We show that a Shared Singlet State (SSS) can supersede a Shared Reference Frame (SRF) in
certain quantum communication tasks, i.e. tasks in which two remote players are required to esti-
mate certain parameters of a two-particle state sent to them. This shows that task-specific value of
resources may be somewhat different from their common values based on their exchange possibili-
ties.
PACS: 03.67.-a ,03.65.Ud
1 Introduction
Almost in any protocol of quantum communication a shared reference frame is indispensable [1, 2, 3,
4], otherwise correlations in measurement outcomes do not imply correlations in physical observables
of remote physical systems. In short-distance experiments done in a single laboratory, some types of
noise like unstable fiber communication link or instability in the sending and receiving apparatus is
equivalent to an unknown or varying reference frame of the receiver compared with that of the sender.
To remedy this, most Quantum Key Distribution (QKD) protocols [5, 6] are supplemented by an ac-
tive alignment of reference frames to eliminate the slow rotation of reference frames induced by the
environment [7, 8, 9, 10, 11, 12]. Active aligning of reference frames usually is a complicated prac-
tical task and causes new problems such as lowering the secure key generation rate. In long distance
communication, i.e. between earth and satellites [13, 14, 15, 16, 17], atmospheric turbulence, rotation
and revolution of the satellite with respect to the earth, makes it necessary to constantly align reference
frames to a high precision which is again very difficult and costly.
On the theoretical side, precise alignment of reference frames raises basic questions: ”How much
1
ar
X
iv
:1
81
1.
05
65
7v
3 
 [q
ua
nt-
ph
]  
28
 A
ug
 20
19
quantum resources is required for aligning a direction between two distant parties with a given preci-
sion?”. This problem has been studied from different points of view [18, 19, 20, 21, 22, 23, 24, 25].
In particular, it was shown in [26] that one party (say Alice) can share a direction with another party
(say Bob) by sending N polarized parallel spins, where the error vanishes as O(1/N). However this
scaling of error is achieved only if Bob uses N− particle entangled measurements which is extremely
difficult from experimental point of view. In this sense we can say that establishing aligned reference
frames with arbitrary precision and by using purely quantum mechanical means needs an exceedingly
large amount of resources.
As an alternative method, the authors of the present article have proposed in [27] a method which
is based on single particle measurements on entangled states shared between the two parties. In this
method which is a converse of the standard QKD protocol, the players make measurements on their
fixed directions and use the imperfect correlations in the publicly announced results to find the angle
between their respective directions and align them accordingly. By repeating this procedure they can
eventually fully align their coordinate systems with a precision which is as good as the method of [26].
The problem of classical and quantum communication in the absence of Shared Reference Frames
(SRF) was studied in a series of works [28, 29, 30], where it was shown that in the absence of an SRF,
it is still possible to communicate classical and quantum information if one encodes a classical bit into
two and four qubits respectively. In [29] it was also shown that certain relative informations can be
communicated, albeit with lower fidelity, in the absence of SRF.
In another development originated in [31] and expanded in [32], many other resources like cobit,
qubit, ebit and refbit were introduced and various one-way or two-way interconversion relations were
proved among them. For definition of these resources see [32]. The basic theme of the theory of [32]
is the interconversion possibility, i.e. given a finite or infinite number of resource A, is it possible or
not to convert it to resource B. In this context, resource A is more valuable than resource B if A can
be freely converted to B where the meaning of ”freely” is determined by the constraints, i.e. local
operations. In the present paper which we believe complements [32] in certain sense, or makes the
first steps toward such a goal, we study the problem from another point of view, namely we focus on
specific tasks and ask which resource, A or B, is more effective in performing that specific task. It
may happen that a resource A is weaker than B or may not be comparable to it in the sense of inter-
conversion, and yet A can perform a specific class of tasks better than B.
The tasks that we consider are of the estimation/discrimination type in which two states are sent
to two remote players who do not have a shared reference frame and instead they share one singlet
state. The singlet state has been shared between them by a third trusted party. We show that in these
tasks, the singlet state can perform better than a shared reference frame and thus in this task-specific
context, it is a more valuable resource than a shared reference frame.
The setup and the structure of the paper is the following: The two players are named Bob and
Charlie who may either share a reference frame or a singlet state. Alice sends one spin 1/2 particle
to Bob and another to Charlie who is far from Bob. When they share a reference frame, they can do
single qubit measurements on the particles they receive, and when they share a singlet state, they can
do two-qubit measurement on the two particles that they hold (their share of the singlet state and the
particle that they receive) figure (1). In view of the lack of any shared reference frame, the total spin
measurement is the optimal measurement that each of Bob and Charlie can perform [29]. Three tasks
are considered and compared in the forthcoming sections, namely:
I) Estimating the angle between the two spins, where their angle is uniformly chosen in the Alice
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frame, section (3),
II) Discriminating between the spins which are parallel or anti-parallel in the Alice frame, section
(4).
III) Discriminating between the case where the two spins are parallel and the case where they form
a singlet in the Alice frame, section (5).
In any case we use an appropriate measure (average information gain or probability of conclusive
result) to compare the results and show that a shared singlet state is more powerful than a shared ref-
erence frame. To compare our shared singlet state with a refbit, introduced in [32], we use refbits for
performing one of the tasks, namely task II and again show the superiority of a singlet state over a
refbit. We also compare the performance of singlets for various spin−j singlets. Interestingly we find
that when the shared singlet state is a spin−j singlet, and the task is the second one, the effectiveness
of this singlet state decreases with j and in the limit of j −→∞, it equals that of the shared reference
frame.
2 Preliminaries
We assume that Alice prepares the state ρα of two spin 1/2 particles, with a prior probability distri-
bution P (α) which can be discrete or continuous (usually uniform). This state may or may not be a
product state. She then sends one of the particles to Bob and the other particle to Charlie who perform
POVM’s with elements {Eλ} and {E′λ′} and respectively obtain the results λ and λ′ (for short λλ′)
with probabilities:
P (λλ′|α) := tr ((Eλ ⊗ E′λ′)ρα) . (1)
They then update their knowledge of the probability distribution by using the Bayesian rule [35]
p(α|λλ′) = tr((Eλ ⊗ E
′
λ′)ρα)p(α)
p(λλ′)
, (2)
where
p(λλ′) =
∫
tr((Eλ ⊗ E′λ′)ρα)p(α)dα. (3)
The information gain of Bob and Charlie, when they obtain the results λ and λ′ is given by
Iλλ′ =
∫
p(α|λλ′) log2[
p(α|λλ′)
p(α)
]dα. (4)
The average information gain for all measurement results will then be
Iavg = Σλ,λ′p(λλ
′)Iλλ′ . (5)
This is the quantity which is used for comparison of the resources in sections (3) and (4). For the
optimum measurements we use the basic result of [29] according to which in the absence of reference
frames, the optimal measurements are projective measurements of the total spin for the particles of
each party. Needless to say, in all cases Bob and Charlie have to communicate classical messages for
conveying to each other the results of their measurements.
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Remark 1 We have to carefully explain the bases in which we expand the states. This is specially
important when Bob and Charlie do not share a reference frame, i.e. |z+〉B is not parallel to |z+〉C .
Throughout the calculations we expand all the states in reference frame of Alice and we use the
rotational invariance of the singlet state to facilitate the calculations when appropriate. We also
assume that the states sent by Alice to Bob and Charlie are transported through a noiseless channel,
i.e. are parallel transported to Bob and Charlie. The important point is that the singlet state can be
written as |ψ−〉 = 1√
2
(|n, n⊥〉
A,A
− |n⊥, n〉
A,A
) for any direction n. Thus we always write this state
in the basis of Alice, namely
|ψ−〉 = 1√
2
(|z+, z−〉A,A − |z−, z+〉A,A),
where |z−〉A and |z+〉A are the two basis states in the +z and −z direction of Alice frame. It is
important to note that by rotational symmetry of the singlet, we mean (UA ⊗ UA)|ψ−〉 = |ψ−〉. We
never use an invalid relation like (UB ⊗ UC)|ψ−〉 = |ψ−〉.
Thus all the states of this singlet and those which are sent are written in the basis |z+〉A and |z−〉A,
however for simplicity we do not write the subscripts in the following calculations unless there is an
ambiguity which we will resolve.
3 Task I: Estimating the angle between two spins
Alice prepares a product state of two spin 12 particles, say |n1〉⊗ |n2〉, where n1.n2 = cosα and |ni〉
is the eigenstate of ~σ.ni with positive eigenvalue. She then sends one qubit to Bob and the other to
Charlie. The task of Bob and Charlie is to gain the maximum possible information about the angle α.
3.1 Shared reference frame
This problem has been studied in [29] where it was shown that measuring each qubit along a same
(arbitrary) axis and registering whether the outcomes are the same or not is the optimal measurement
for Bob and Charlie. More precisely, the implicit result of [29] is that for this specific task, the
performance of one common shared direction is the same as that of a full shared coordinate system.
The maximum average information gain is then obtained to be 0.027 when the two spins are chosen
at random on the Bloch sphere [29], see table (1).
3.2 Shared singlet state
In this case Bob and Charlie do not share a reference frame, instead they share a singlet state |ψ−〉 =
1√
2
(|z+, z−〉 − |z−, z+〉) which has been sent to them by Alice. This state is known to be rotationally
invariant. Note that, as we remarked above, this state has been written in the frame of Alice. All our
calculations are done in Alice frame and we never need to expand any state in the frame of Bob or
Charlie which are not aligned, neither with each other nor with that of Alice. The point is that both
Bob and Charlie make total spin measurements which are independent of reference frames. These
measurements are denoted by POVM’s Π0 and Π1 where the numerical subscript describes the total
spin of the two particles. The four-qubit state provided for Bob and Charlie is
|χ〉 = |n1〉|ψ−〉|n2〉, (6)
in which the first two qubits are with Bob and the third and forth ones are with Charlie.
4
Alice
CharlieBob
↵
<latexit sha1_base64="6EtSdgpKG2qhZb jGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpm kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/K B8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1ey iSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMm Qmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZ nU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aA CFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZb jGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpm kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/K B8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1ey iSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMm Qmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZ nU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aA CFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZb jGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpm kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/K B8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1ey iSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMm Qmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZ nU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aA CFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZb jGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpm kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/K B8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaRYK1ofDurt56YNlzJBztJWBjjUPIBp2id1ey iSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMm Qmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zRjsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZ nU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aA CFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg48Y</latexit>
a b
Alice
CharlieBob
↵
<latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZ n61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaR YK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zR jsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg 48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZ n61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaR YK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zR jsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg 48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZ n61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaR YK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zR jsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg 48Y</latexit><latexit sha1_base64="6EtSdgpKG2qhZbjGZ4j1QLtQzns=">AAAB7XicbZBNSwMxEIZ n61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMpmkbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNWUNqoTS7QgNE1yyhuVWsHaiGcaR YK1ofDurt56YNlzJBztJWBjjUPIBp2id1eyiSEbYK1f8qj8XWYUghwrkqvfKX92+omnMpKUCjekEfmLDDLXlVLBpqZsaliAd45B1HEqMmQmz+bZTcuacPhko7Z60ZO7+nsgwNmYSR64zR jsyy7WZ+V+tk9rBdZhxmaSWSbr4aJAKYhWZnU76XDNqxcQBUs3droSOUCO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+Lg 48Y</latexit>
Figure 1: (Color online) Task I: Alice parallel transports two spins to Bob and Charlie who are sup-
posed to estimate the angle between the two spins. a) when they have a shared reference frame (SRF),
b) when they only have a shared singlet state (SSS), the bulbs represent total spin measurements with
projectors Π0 and Π1. These measurements are independent of reference frame.
When the two spins are randomly chosen from the Bloch sphere, without loss of generality we can
assume that Alice selects one of them to be in a fixed direction, say z (unknown to Bob and Charlie),
and the other spin randomly from a uniform distribution over the sphere. Thus α = cos−1(z.n2) and
the prior probability distribution of the angle α is given by p(α) =
1
2
sin(α). Then the initial state of
Bob and Charlie reads:
|χα〉 = |z+〉( 1√
2
|z+, z−〉 − 1√
2
|z−, z+〉)(cos(α
2
)|z+〉+ sin(α
2
) exp(iφ)|z−〉). (7)
where |ψ−〉 has the same form in all bases due to its rotational invariance.
The elements of projective measurements of Bob and Charlie on the four qubits can be written
as follows, where the first Πi projects the first two particles of Bob to total spin i and the second Πj
project the last two particles with Charlie to total spin j:
Π0,0 = Π0 ⊗Π0, Π0,1 = Π0 ⊗Π1, Π1,0 = Π1 ⊗Π0, Π1,1 = Π1 ⊗Π1. (8)
Note that each of the above simple projectors like Π0 is a two qubit measurement.
Remark 2 Note that neither Bob nor Charlie do not have any common reference frame with Alice and
with each other. By rotationally invariant measurements of Bob and Charlie, we mean measurements
on the two particles that each of them may have, one received from Alice and the other from the share
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of their singlet state. The projective measurements on total spins of their two particles does not require
any shared frame of reference, neither with Alice nor with each other.
The conditional probabilities of different outcomes can be calculated from p(Πi,j |α) = 〈χα|Πi,j |χα〉.
One directly calculates the matrix elements to obtain
p(Π0,0|α) = 1
8
sin2(
α
2
),
p(Π1,0|α) = p(Π1,0|α) = 1
4
− 1
8
sin2(
α
2
),
p(Π1,1|α) = 1
2
+
1
8
sin2(
α
2
).
(9)
The posterior distribution and average information gain depend on Bob and Charlie’s prior knowledge
of α. Inserting the prior distribution p(α) =
1
2
sin(α) in equation (2) will yield to the posterior
probabilities
P (α|Π0,0) = sin2 α
2
sinα,
P (α|Π0,1) = P (α|Π1,0) = (2
3
− 1
3
sin2
α
2
) sinα,
P (α|Π1,1) = (4
9
− 1
9
sin2
α
2
) sinα.
(10)
By inserting these probabilities in (5) and numerical integration, the average information gain will be
Iavg = 0.0284 which is slightly higher than the value 0.0270 obtained with an SRF [29], these results
are summarized in table (1). Hence for estimating the relative parameter of two qubits, one shared
singlet state is a better resource than shared reference frame. In the next two sections we will see this
superiority of SSS over SRF in two other tasks.
XXXXXXXXXXtask
resource
SRF SSS
angle estimation 0.0270 0.0284
Table 1: The performance of two resources for estimating the angle between two spins (quantified
with the average information gain), when the spins are chosen at random on the Bloch sphere.
4 Task II: Discriminating between parallel and anti-parallel spins
Now consider the case where Alice prepares two parallel or anti-parallel spins. She then transports
one spin to Bob and the other to Charlie who want to discriminate which pair is sent to them (they
want to gain information about the relative angle of their received spins), see figure (2). In the follow-
ing subsections, we compare their performance, when they share one of the following resources, 1- A
shared reference frame, 2- A spin 1/2 singlet state, 3- A higher-spin singlet state.
4.1 Shared reference frame
Again this problem has been studied in [29] and in was shown that the maximum average information
gain is acquired by using the same optimal measurements explained in subsection (3.1). More explic-
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Alice
CharlieBob
Figure 2: (Color online) Task II: Alice sends a pair of parallel or anti-parallel spins to Bob and Charlie
who are to determine which pair has been sent to them. They may have a shared reference frame, a
spin−1/2 shared singlet state, or a spin−j singlet state.
itly, Bob and Charlie can at most gain 0.0817 bits of information about the angle between two parallel
or anti-parallel spins when they share a reference frame.
4.2 Shared spin−1/2 singlet state
In this case by inserting p(α = 0) = p(α = pi) =
1
2
into (3) we will get
p(Π0,0) =
1
16
, p(Π0,1) = p(Π1,0) =
3
16
, p(Π1,1) =
9
16
. (11)
Using equations (2) and (3) the posterior probabilities are found to be:
p(α = 0|Π0,0) = 0, p(α = pi|Π0,0) = 1,
p(α = 0|Π1,0) = 2
3
, p(α = pi|Π1,0) = 1
3
,
p(α = 0|Π0,1) = 2
3
, p(α = pi|Π0,1) = 1
3
,
p(α = 0|Π0,1) = 4
9
, p(α = pi|Π0,1) = 5
9
.
(12)
Inserting all quantities in (4), and doing the integration, we find:
IΠ0,0 = 1, IΠ1,0 = IΠ0,1 = 0.08, IΠ1,1 = 0.008. (13)
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In case of obtaining Π0,0, Bob and Charlie gain 1 bit of information about the angle between the
spins (since only an anti-parallel pair of spins can combine with the singlet state to produce spin zero
for Both Bob and Charlie) and in the other cases much less information is acquired. The average
information gained about the relative angle is found to be
Iavg =
∑
i,j
P (i, j)Ii,j = 0.0981 .
This result suggests that the shared entangled state has played a role and the average information gain
has increased from 0.0817 (for SRF) [29] to 0.0981 (for Shared Singlet State (SSS)).
4.3 The performance of higher-spin singlet states
The rotational invariance of the singlet state and its higher performance compared with a shared refer-
ence frame, raises a natural question: What happens if we use a higher spin singlet state, say a spin-j
singlet? It is intriguing to know that the performance drops with increasing j and in the limit j −→∞
it becomes equal to that of the shared reference frame. A spin-j singlet is given by
|Ψ−j 〉 =
1√
2j + 1
j∑
m=−j
(−1)m|j,m〉B |j,−m〉C , (14)
where we have used the familiar angular momentum representation of states. Bob and Charlie share
such a state, and their task is to get the maximum possible information about the angle between two
parallel or anti-parallel spin- 12 states which are sent to them by Alice. Again the optimal measurement
is the total spin measurement on each side which is now restricted to Πj+ 12 and Πj− 12 . We can use
the rotational invariance of the singlet state and assume that the two spins have been sent in the z−
basis, i.e. the parallel spins are in the state |z+, z+〉 and the anti-parallel spins are in the state |z+, z−〉.
The total state which is to be locally measured by Bob and Charlie is now given by (for parallel and
anti-parallel spins depending on the + or − sign of the last spin)
|Ψ〉 = 1√
2j + 1
j∑
m=−j
(−1)m|z+〉1 |j,m〉B ⊗ |j,−m〉C |z±〉2 , (15)
where the states with Bob have been denoted by 1 andB and those with Charlie by 2 andC. A lengthy
but straightforward calculation detailed in appendix A, leads to the average information gain shown in
figure (3). It is seen that the information gain drops with increasing spin, i.e. as the singlet becomes
more and more classical and in the limit of j −→ ∞ it becomes identical with a shared reference
frame.
XXXXXXXXXXtask
resource
SRF SSS j = 12 SSS j = 1 SSS j −→∞
Discriminating parallel and anti-parallel spins 0.0817 0.0981 0.0841 0.0817
Table 2: The performance of different resources for discriminating parallel and anti-parallel spin states
(quantified with the average information gain). The information gain drops with increasing spin and
in the limit of j −→∞ it becomes identical with a shared reference frame.
The numerical results of this section are summarized in table (2). This table shows the advantage
of using a shared singlet state over a shared reference frame. In the next section we will consider
another even more decisive example which shows this superiority of shared singlet state over shared
frame of reference and also over a refbit [32].
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Figure 3: (Color Online) The power of a shared singlet state in performing task II decreases with spin
j and becomes identical to a shared reference frame for large spins.
5 Task III: Discrimination between parallel spins and a singlet
We now consider a discrimination task. In such tasks [36, 37, 38] a quantum system is selected from
a known ensemble of states and sent to the participants, who are supposed to discriminate the states
with minimal probability of inconclusive results. The ensemble is
{|ψ−〉, |m,m〉}
where |ψ−〉 is the antisymmetric state and m is an arbitrary direction unknown to the receivers. The
task of Bob and Charlie is to determine which state has been sent to them, (see figure 4). In the follow-
ing subsections, we compare their performance, when they share a shared reference frame, a shared
singlet state or a refbit [32].
5.1 Shared reference frame
While the singlet state has the standard anti-symmetric and rotationally invariant expression, the state
|m,m〉 can be written as
|m,m〉 = (cos(θ
2
)|z+〉+ exp(iφ) sin(θ
2
)|z−〉)⊗2. (16)
where θ and φ designate the angular coordinates of the unit vectorm. In view of the symmetry of both
states with respect to exchange of particles, it is obvious that Bob and Charlie should have the same
measurement elements to obtain maximum information. So both of them measure their qubits along
the same (arbitrary) axis, say zˆ. This is also in accord with the result of [29] on optimal measurements.
When we average over all the directions m, we find that the probability of conclusive results is
given by 13 . That is, with a shared reference frame, on the average in 1 out of 3 cases, Bob and
9
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Figure 4: (Color online) Task III: Alice randomly sends one of the two states |ψ−〉 (left) or |m,m〉
(right) to Bob and Charlie who are supposed to discriminate between the two states. They may have a
shared reference frame, a shared singlet state, or a refbit.
Charlie can definitely say which of the two states |ψ−〉 or |m.m〉 has been sent to them. The proba-
bilities of each outcome P (i, j|ψ) := tr(Πi,j |ψ〉〈ψ|) for |ψ〉 = |ψ−〉 or |m,m〉 can be obtained by
straightforward calculations. These probabilities are shown in table (3).
XXXXXXXXXXprobability
state |ψ−〉 |m,m〉
P (+,+|ψ) 0 cos4 θ/2
P (+,−|ψ) 1/2 cos2 θ/2 sin2 θ/2
P (−,+|ψ) 1/2 cos2 θ/2 sin2 θ/2
P (−,−|ψ) 0 sin4 θ/2
Table 3: The conditional probabilities of each outcome for different states sent by Alice when Bob
and Charlie have a shared reference frame.
As can be seen from this table, by obtaining the results +,+ or−,−, Bob and Charlie will be sure
that Alice has sent the state |m,m〉, while they will fail to identify the state when they obtain +,−
or −,+. We use the probability of getting an ambiguous outcome as a figure of failure for comparing
different resources and we call it the inconclusive probability. Hence the inconclusive probability in
this case is:
Pinconclusive =
1
2
[
P (+− |ψ−) + P (−+ |ψ−)]+ 1
2
[P (+− |m,m) + P (−+ |m,m)]
=
1
2
+
1
4
sin2 θ. (17)
We consider the situation that the directionm has been chosen completely random, i.e. from a uniform
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distribution. The average probability of uncertainty is then found to be:
P¯inconclusive =
1
4pi
∫ (
1
2
+
1
4
sin2 θ
)
sin θdθdφ =
2
3
. (18)
Let us now compare this with the case where Bob and Charlie share a singlet state |ψ−〉.
5.2 Shared Singlet State
When Alice sends the state |ψ−〉1,2, (when the particle 1 goes to Bob and the particle 2 goes to Char-
lie) the total state of the four particles is |Ψ〉tot = |ψ−〉B,C ⊗ |ψ−〉1,2. Bob measures the total spin of
the pair (B, 1) and Charlie measures the total spin of the pair (C, 2). It is obvious that the total spin
of the four particles is zero and hence the outcomes (0, 1) and (1, 0) are impossible.
To find the probabilities of the other two outcomes, we write the total state as (note that all states
are written in the Alice frame, but measured in Bob and Charlie frame as we will describe)
|Ψ〉tot = 1
2
(|z+, z−〉 − |z−, z+〉)B,C ⊗ (|z+, z−〉 − |z−, z+〉)1,2, (19)
which upon rearranging is given by
|Ψ〉tot = 1
2
[|z+, z+〉|z−, z−〉 − |z−, z+〉|z+, z−〉 − |z+, z−〉|z−, z+〉+ |z−, z−〉|z+, z+〉]B,1;C,2 .
(20)
Using the notation for the spin-1 triplet (t) and spin-0 singlet (s) and using
|z+, z+〉 = |t1〉
|z+, z−〉 = 1√
2
(|t0〉+ |s0〉)
|z−, z+〉 = 1√
2
(|t0〉 − |s0〉)
|z−, z−〉 = |t−1〉, (21)
we find
|Ψ〉tot = 1
2
[|t1〉|t−1〉 − |t0〉|t0〉+ |s0〉|s0〉+ |t−1〉|t0〉]B,1;C,2 (22)
Since the two parties are measuring only their total spins, this leads toP (0, 0|ψ−) = 14 andP (1, 1|ψ−) =
3
4 .
Now suppose that Alice sends the state |m,m〉1,2, so the total state of Bob and Charlie is |ψ−〉B,C⊗
|m,m〉1,2. Bob and Charlie are going to perform the total spin measurement, due to the rotational
invariance of both the singlet state and the measurements of Bob and Charlie, the results for the state
|ψ−〉B,C ⊗ |m,m〉1,2 should be the same as that for |ψ−〉B,C ⊗ |z+, z+〉1,2. Therefore we start with:
|Ψ〉tot = |ψ−〉BC ⊗ |z+, z+〉1,2 = 1√
2
(|z+, z−〉 − |z−, z+〉)B,C ⊗ |z+, z+〉1,2. (23)
Upon rearranging the labels this is written as
|Ψtot〉B,1;C,2 = 1√
2
(|z+, z+〉B,1|z−, z+〉C,2 − |z+, z−〉B,1|z+, z+〉C,2) . (24)
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XXXXXXXXXXprobability
state |ψ−〉 |m,m〉
P (0, 0|ψ) 1/4 0
P (0, 1|ψ) 0 1/4
P (1, 0|ψ) 0 1/4
P (1, 1|ψ) 3/4 1/2
Table 4: The conditional probabilities of each outcome for different states sent by Alice, when Bob
and Charlie have a shared singlet state.
Using (21) we find
|Ψtot〉B,1;C,2 = 1
2
[|t1; t0〉 − |t0; t1〉 − |t1; s0〉 − |s0; t1〉]B1,C2 . (25)
This equation will then lead to the probabilities shown in table (4). The zero probabilities in the
first three rows of table (4) shows that for these outcomes the two recipients can unambiguously
discriminate the states. Only for the forth row they cannot reach a conclusion. Therefore we find
Pconclusive = 1−
[1
2
P (11|ψ−) + 1
2
P (11|m,m)] = 3
8
, (26)
which is definitely larger than the value of 13 when Bob and Charlie shared a reference frame. The
results for this task are summarized in table (5).
resource SRF SSS refbit
probability of conclusive result 13
3
8
1
24
Table 5: The performance of three different resources for discrimination between a singlet state
|ψ−〉 = 1√
2
(| ↑m, ↓m〉 − | ↓m, ↑m〉) and two parallel spins | ↑m, ↑m〉. The performance is mea-
sured by the probability of unambiguous discrimination averaged over all input states.
5.3 Comparison with Refbit
One of the resources which has been introduced in the literature is called ”refbit” [32] which can be
considered as one unit of sharing a reference frame. A refbit is defined as a pair of parallel spins
pointing to a specific direction | ↑n, ↑n〉 , shared between the parties who are unaware of the direction
n but are assured of them being parallel. It is obvious that an SSS can easily be transformed to a refbit
by local operations. Bob simply measures his qubit in a direction of his choice n which collapses the
state to a product of two anti-parallel spins, say | ↑n, ↓n〉. Since the direction of n is known to Bob
due to his own measurement, this state can then be transformed into | ↓n, ↓n〉 by a NOT operation.
Therefore an SSS is easily transformed to pair of parallel or anti-parallel spins (i.e. a refbit). This
means that it can supersede a refbit in any type of discrimination or estimation task. To make this
explicit, we compare the performance of these two resources in this task.
Without loss of generality we can take the refbit to be |z+, z+〉 in the frame of Alice. The four-
qubit states of Bob and Charlie, when Alice sends two parallel spins |m,m〉 and a singlet, are respec-
tively given by
|φ1〉 = |z+〉|m〉|m〉|z+〉, (27)
12
|φ2〉 = |z+〉( 1√
2
(|z+, z−〉 − |z−, z+〉))|z+〉. (28)
Bob and Charlie should perform a suitable two-qubit measurement on their own qubits and com-
municate their results to determine with certainty which state has been sent to them. In appendix
B we have shown that, even when they share a refbit, the optimal measurement that minimizes the
inconclusive probability is still the total spin measurement. The probabilities of each measurement
outcome P (i, j|φk) := tr(Πi,j |φk〉〈φk|) for i = 0, 1 and k = 1, 2 can be obtained straightforwardly
by writing |φ1〉 and |φ2〉 in terms of the total spin eigenvectors. The results are shown in table (6).
XXXXXXXXXXprobability
state |ψ−〉 |m,m〉
P (0, 0|ψ) 0 1/4Sin4(θ
2
)
P (0, 1|ψ) 1/4 1/4Sin4(θ
2
) + 1/2Sin2(
θ
2
)Cos2(
θ
2
)
P (1, 0|ψ) 1/4 1/4Sin4(θ
2
) + 1/2Sin2(
θ
2
)Cos2(
θ
2
)
P (1, 1|ψ) 1/2 1/4Sin4(θ
2
) + Sin2(
θ
2
)Cos2(
θ
2
) + Cos4(
θ
2
)
Table 6: The conditional probabilities of each outcome for different states sent by Alice, when Bob
and Charlie have a refbit.
According to table (6), Bob and Charlie can discriminate the state unambiguously only if their
measurement results is (0, 0). Hence the inconclusive probability is:
Pinconclusive = 1− [ 1
2
P (0, 0|ψ−) + 1
2
P (0, 0|m,m)]
= 1− 1
8
sin4(
θ
2
). (29)
The average probability of uncertainty is obtained by integrating over θ:
P¯inconclusive =
1
4pi
∫ (
1− 1
8
sin4(
θ
2
)
)
sin θdθdφ =
23
24
. (30)
which is definitely larger than
5
8
and shows the superiority of SSS over refbit.
It is valuable to note here that one could also use the probability of conclusive result as a figure
of merit to compare the performance of SRF and SSS in task II, i.e. discrimination between parallel
and anti-parallel spins. For this task, the probability of conclusive result is 18 when the parties share a
singlet state, while that is zero when they share a reference frame. This again shows the superiority of
SSS over SRF for performing task II. To avoid lengthening the paper, we have presented the detailed
calculations in appendix C.
6 Discussion
Usually resources are ordered according to their convertibility under the relevant constraints, i.e. local
operations in entanglement theory, coherent operations in coherence theory and so on. In this sense,
a resource which can be freely converted to another resource (either for finite numbers or asymptoti-
cally) is considered a stronger resource. For reference frames, such a theory has been formulated in
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[39] and [40]. There are situations that one can not set such ordering between different resources. i.e.
some resources can not be converted to each other freely. This is exactly the case that occurs for SRF
and SSS. While SSS can lead to an SRF asymptotically [27], an SRF can never lead to an SSS, unless
it is supplied with other resources. In such cases if we consider specific tasks and ask which resource
is more powerful for accomplishing that specific task, we can set an ordering. It is true that this task-
specific ordering is of limited use, however in certain situations it can lead to practical advantages of a
normally-considered weak resource over a strong resource. The advantage comes from the high cost
for preparing the strong resource, where many of its functionalities may not be utilized for that partic-
ular task. What we have shown in this paper is an example of this kind of task-specific ordering. The
ordering comes from a figure of merit which measures performance of different resources in doing
specific tasks and not from convertibility of resources. Hence the constraints for different resources
need not be the same, i.e. a shared singlet state is compared with a shared reference frame, more
precisely a shared direction. We have also considered a refbit (a pair of parallel spins whose direction
is not known to the holders) and as an example have shown that an SSS can do the discrimination
task III, better than a refbit. This is of course expected since as we have shown an SSS can be freely
converted to a refbit in a single shot. Finally, although we have not presented it in detail here for the
sake of brevity, we have shown that not all tasks can be done better by SSS rather than an SRF. For
example estimation of the angle between a spin-j coherent state and a spin-1/2 state (for j > 1/2)
is an example. It is interesting to find quantum information tasks other than the ones considered in
this paper, for which a Shared Singlet states (SSS) is superior to a Shared Reference Frame (SRF). It
remains to be seen whether these considerations can be taken beyond a few examples and be shaped
into a more general scheme for looking into resource theory of reference frames which complements
the theory developed in [39] and [40]. In this paper we have restricted ourselves to one use of an SRF
or SSS. For this last goal we have to make a more general study when we have multiple uses of these
two resources [41].
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Appendix A
In this appendix, we briefly explain the calculations leading to figure (3). Using the Clebsh-Gordon
coefficients (we have used ± instead of z±),
〈j,m− 1
2
; +|(j ± 1
2
),m〉 = ±
√
1
2
(
1± m
j + 12
)
〈j,m+ 1
2
;−|(j ± 1
2
),m〉 =
√
1
2
(
1± m
j + 12
)
, (31)
we rewrite (15) in the form
|Ψ〉 = 1√
2j + 1
j∑
m=−j
(−1)m|+〉|j,m〉 ⊗ |j,−m〉|±〉 (32)
For parallel (↑↑) and anti-parallel (↑↓) spins of Bob and Charlie, the state (32) can be rewritten in
the form
|Ψ↑↑〉 = 1
2j + 1
j∑
m=−j
(−1)m
[√
j +m+ 1|j + 1
2
,m+
1
2
〉 −
√
j −m|j − 1
2
,m+
1
2
〉
]
⊗[√
j +m+ 1|j + 1
2
,m+
1
2
〉 −
√
j −m|j − 1
2
,m+
1
2
〉
]
,
(33)
and
|Ψ↑↓〉 = 1
2j + 1
j∑
m=−j
(−1)m
[√
j +m+ 1|j + 1
2
,m+
1
2
〉 −
√
j −m|j − 1
2
,m+
1
2
〉
]
⊗[√
j +m|j + 1
2
,m− 1
2
〉+
√
j −m+ 1|j − 1
2
,m− 1
2
〉
]
.
(34)
It is now easy to determine the probabilities of various outcomes. As an example, one finds
P (j +
1
2
, j +
1
2
| ↑, ↑) = 1
(2j + 1)2
j∑
m=−j
(j +m+ 1)2 =
(1 + j)(3 + 2j)
3(1 + 2j)2
. (35)
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The other probabilities are also obtained in a similar manner and we have for parallel spins
P (j +
1
2
, j +
1
2
| ↑, ↑) = (1 + j)(3 + 2j)
3(1 + 2j)2
P (j +
1
2
, j − 1
2
| ↑, ↑) = 4j(1 + j)
3(1 + 2j)2
P (j − 1
2
, j +
1
2
| ↑, ↑) = 4j(1 + j)
3(1 + 2j)2
,
P (j − 1
2
, j − 1
2
| ↑, ↑) = j(2j − 1)
3(1 + 2j)2
. (36)
and for anti-parallel spins
P (j +
1
2
⊗ j + 1
2
| ↑, ↓) = (1 + j)(3 + 4j)
3(1 + 2j)2
,
P (j +
1
2
⊗ j − 1
2
| ↑, ↓) = 2j(1 + j)
3(1 + 2j)2
,
P (j − 1
2
⊗ j + 1
2
| ↑, ↓) = 2j(1 + j)
3(1 + 2j)2
,
P (j − 1
2
⊗ j − 1
2
| ↑, ↓) = j(1 + 4j)
3(1 + 2j)2
. (37)
By using these probabilities one can obtain the conditional probabilities for guessing the spins to be
parallel or anti-parallel and hence determine the average information gain, as in previous sections.
The results are shown in figure (3) which shows the average information gain versus j. It is seen as
j increases the average information gain decreases and in the limit of j −→ ∞, it becomes identical
with the one obtained with shared reference frame.
Appendix B
Consider task III. Here we show that when Bob and Charlie are equipped with a refbit, the optimal
measurement is the total spin measurement. Due to the lack of a complete reference frame, they can
only perform rotationally invariant measurements [29]. It was shown in [29] that the elements of a
rotationally invariant measurement can be expressed as a positive-weighted sum of projectors onto the
total spin subspaces,i.e.
E0 = αΠ0 + βΠ1,
E1 = (1− α)Π0 + (1− β)Π1. (38)
where 0 ≤ α, β ≤ 1.
The aim is to find the best values of α and β which minimize the inconclusive probability when
Bob and Charlie share a refbit. In task III Alice sends one of the states |ψ−〉 or |m,m〉 to Bob and
Charlie. After performing measurements (38) they have a conclusive discrimination when some of
the probabilities P (Ei, Ej |ψ−) or P (Ei, Ej |m,m) vanish and they fail to identify the state when
all the probabilities are non-zero. To minimize the inconclusive probability one should maximize
the probability of conclusive discrimination. Straightforward calculations shows that none of the
probabilities P (Ei, Ej |m,m) is zero and hence Bob and Charlie can have a conclusive decision if
P (Ei, Ej |ψ−) vanishes for some i and j. The values of P (Ei, Ej |ψ−) can be calculated easily:
P (E0, E0|ψ−) = 1
2
αβ +
1
2
β2,
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P (E0, E1|ψ−) = 1
2
β(1− β) + 1
4
β(1− α) + 1
4
α(1− β),
P (E1, E0|ψ−) = 1
2
β(1− β) + 1
4
β(1− α) + 1
4
α(1− β),
P (E1, E1|ψ−) = 1
2
(1− β)(1− α) + 1
2
(1− β)2. (39)
Since 0 ≤ α, β ≤ 1, it is obvious that the above probabilities can be zero only if β = 0 or β = 1,
which proves the assertion.
Appendix C
In this appendix, by considering the probability of conclusive result as the figure of merit, we again
show the superiority of SSS to SRF for performing task II (the results which we briefly explained after
equation (5.3)). The ensemble of Alice is a pair of parallel or anti-parallel spins. Alice has sent one
spin to Bob and the other to Charlie. Bob and Charlie are to determine which pair has been sent to
them, see figure (2). It is now better to first consider the case where Bob and Charlie share a singlet.
C-1 Shared singlet state
The probabilities for the parallel spins have already been calculated in subsection
(5.2) and are presented in table (4). The same type of analysis as in equations (23-25)
can be done for the pair of anti-parallel spins. One can rotate the reference frame of
Alice so that it is aligned with the direction of this pair and so the the state of the
pair is given by |z+, z−〉. The calculations are straightforward and instead of (23), we
now have
|Ψtot〉B,1;C,2 = 1√
2
(|z+, z−〉 − |z−, z+〉)B,C ⊗ |z+, z−〉1,2. (40)
which, after rearranging, in terms of total spins will be written as
|Ψtot〉B,1;C,2 = 1
2
√
2
[2|t1〉|t−1〉 − |t0〉|t0〉 − |t0〉|s0〉 − |s0〉|t0〉+ |s0〉|s0〉]B1;C2 . (41)
This will then easily leads to the probabilities shown in table (7). Since Alice sends
her states with equal probability, it is obvious that in 1 out of 16 times, Bob and
XXXXXXXXXXprobability
state
parallel spins anti-parallel spins
P (0, 0|ψ) 0 1/8
P (0, 1|ψ) 1/4 1/8
P (1, 0|ψ) 1/4 1/8
P (1, 1|ψ) 1/2 5/8
Table 7: The conditional probabilities of each outcome for two parallel or anti-parallel pairs of spins
sent by Alice, when Bob and Charlie share a singlet state.
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Charlie obtain the values (0, 0) which definitely lead to unambiguous discrimination.
We will now see that when they have a shared reference frame, they can never reach
a conclusive result.
C-2 Shared reference frame
In this case, due to the arbitrariness of the direction of m and rotational in-
variance, the projectors of Bob can be P+ := |z+〉〈z+| and P− = |z−〉〈z−|, and
those of Charlie can be P+ = |n+〉〈n+| and P− = |n−〉〈n−|. To prove the inclu-
siveness of all measurements, it is enough to prove that none of the probabilities
P (α, β|m,m) or P (α,—
¯
m,m⊥) (α,=
¯
±)) can be zero for all choices ofm. But this
is an obvious fact, once we note the factorized form of the above probabilities, i.e.
P (α,—
¯
m,m) = |〈z±|m〉|2|〈n±|m〉|2.
Once again we have provided that a shared singlet state is a more effective resource
than a shared reference frame for performing task II.
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